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Unsteady Swirling Flows in Annular Cascades,
Part 1: Evolution of Incident Disturbances

Vladimir V. Golubev¤ and Ha� z M. Atassi†

University of Notre Dame, Notre Dame, Indiana 46556

A theory is developed for the interaction of an unsteady incident disturbance with an annular cascade in a mean
swirling � ow. It is shown that the centrifugal and Coriolis forces caused by the mean swirl couple the acoustic and
vortical disturbance modes and can lead to the formation of a critical layer. A normal mode analysis shows that,
for moderate subsonic Mach numbers, the eigenmodes, which may not form a complete set, are segregated into
pressure-dominated and vorticity-dominated modes. A complete description of incident disturbances is proposed
in terms of the pressure-dominated eigenmodes and a spatially developing initial-value solution. For the special
case of a potential mean swirl, the vortical modes are uncoupled from the acoustic modes, and their vorticity
grows linearly as they propagate downstream. For a general vortical mean swirl the vorticity-dominated spatially
developing disturbances may oscillate or amplify (decay) depending on the radial distribution of the mean swirl.
The analysis clearly indicates a signi� cant effect of the mean-� ow swirl on the evolution of the incident disturbances
and therefore on the blade upwash.

Introduction

T HE interaction of � ow nonuniformities with turbomachinery
blading systems produces � uctuating forces along the blades

and results in unwanted effects such as noise and forced vibration.
Most analyses of these unsteady � ow phenomena follow external
unsteady aerodynamictheory, where the unsteady � ow is linearized
about a mean � ow with uniform upstream conditions; thus, the im-
pinging nonuniformities are imposed upstream on a uniform mean
� ow. It is then possible to split these disturbances into distinct po-
tential, entropic,and vorticalmodes obeying independentequations
and to study their interaction with the downstream blades.1

The assumptionof an upstreamuniform � ow is adequate for inlet
distortions provided the entire rotor/stator system is coupled to-
gether. However, accurate resolution of the unsteady aerodynamics
and acousticsof a coupled rotor/stator system remains a formidable
computational problem. The problem is simpli� ed by considering
separately each blade row and imposing upstream disturbances on
its mean � ow to account for the effects of the wakes and secondary
� ows. In turbomachines interstage mean � ows have a signi� cant
swirl velocity whose magnitude may be equal to that of the axial
velocity. Thus wake and secondary � ows nonuniformities must be
imposed on a swirling motion. The mean swirl producescentrifugal
and Coriolis forces causing a force imbalance that de� ects the � uid
motion and couples the vortical, entropic and acoustic modes.2

The effects of the mean swirl on the unsteady eigenmodespropa-
gating in annular duct have been studied by Golubev and Atassi.3 , 4

Their results show that, at moderate subsonic Mach numbers, there
are two distinct sets of eigenmodes.One set represents nearly sonic
pressure-dominated modes with small vorticity associated with
them. The other set representsnearly convectedvorticity-dominated
modes with small pressure content. For the pressure-dominated
modes the effect of the mean swirl is to modify the impedance
of the system by modifying mainly the cut-on frequencies. On the
other hand, the vorticity-dominatedmodes have, in general, eigen-
values that accumulate with increasing density near the edges of a
critical layer. Moreover, because the boundary-value problem de-
scribing the modes is not self-adjoint,the eigenmodesmay not form
a complete set.
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To avoid these dif� culties and to describe the most general vorti-
cal andacousticdisturbances,we proposeto combinetheeigenmode
analysis with an initial-value analysis to account for the effects of
spatially developing disturbances that evolve as they propagate and
that may not be accounted for by the eigenmode analysis. Despite
the modal coupling, it is convenient to decompose the disturbance
velocity � eld into vortical and potential parts. Such decomposition
has the advantage of elucidating the physical phenomena associ-
ated with unsteady motion by indicating the degree of interaction
between the various modes. It also paves the way to extending the
classical de� nition of a gust to vortical swirling � ows.

For simplicity,we considerthemean � ow velocityto be composed
of an axial velocity, a potential free-vortex rotation, and a vortical
rigid-bodyrotation.We furtherassumethe stagnationenthalpyof the
mean � ow to be constant.The mean swirl can then be characterized
in terms of two parameters representing the strength of the free
vortex C and the rigid-body angular velocity X . We � rst consider
the case of a potential mean � ow ( X =0), where it is possible to
partially split the unsteady velocity � eld into vortical and potential
parts. The vortical part can be uncoupled from the potential part,
and its expression can be derived analytically.5 , 6 Such a solution
corresponds to the continuum convected spectrum of radial modes
in the eigenmode analysis.4 The potential part, which depends on
the vorticalsolution, is governedby an inhomogeneousnonconstant
coef� cient convected wave equation.

In the general case of a vortical swirl, the potential and vortical
partsof theunsteadyvelocityaremutuallycoupledby the mean-� ow
vorticity. However, the eigenmode analysis in Ref. 4 reveals that,
for moderate subsonic Mach numbers, this coupling is weak as two
distinct regions of eigenvalues appear corresponding to pressure-
dominatednearly sonic eigenmodesand vorticity-dominatednearly
convected eigenmodes. A combined eigenmode and initial-value
analysis is then developed to represent the most general upstream
disturbances. The pressure-dominated eigenmodes represent the
acoustic part of the solution, whereas the initial-value solution rep-
resents the vorticity-dominatednearly convected eigenmodes. The
results indicate that the initial-value solution, which may represent
decaying, propagating, and amplifying modes, has a signi� cant ef-
fect on the total unsteady velocity.

Formulation
The present analysis is aimed at calculating the unsteady re-

sponseof an annularunloadedsubsoniccascadedue to its interaction
with unsteady, inviscid, compressible swirling � ow, as illustratedin
Fig. 1. The annulus is considered with constant hub and tip radii rh

and rt .
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Fig. 1 Unsteady annular cascade swirling � ow.

The assumption is further made that the � ow unsteady veloc-
ity part represents a small-amplitude perturbationof the total mean
swirling � ow� eld, and thus the total � ow velocity may be decom-
posed as follows:

V(x, t) = U(x) + u(x, t ) (1)

with the general form of the mean swirling velocity pro� le

U(x) = Ux êx + Us ê h (2)

where êx is the unit vector in the axial direction and ê h is the unit
vector in the circumferentialdirection.The correspondingmean ve-
locitycomponentsUx andUs can varywith radiusr (the latterandall
lengths are normalized throughout the paper by the mean radius of
the annulusrm ). The mean-� ow model adopted in the presentanaly-
sis is based on typical turbomachinerydesign conditions described
next.

Mean-Flow Model
The mean annular cascade � ow is assumed to be in a radial equi-

librium state so that the radial mean pressure distribution is estab-
lished to balance the centrifugal forces acting on a � uid particle.
From Crocco’s equation one can easily obtain the following rela-
tion between the mean-� ow stagnationenthalpy h0 , temperature T0,
entropy S0 , and velocity U:

dh0

dr
= T0

dS0

dr
+ Ux

dUx

dr
+ Us

dUs

dr
+

U 2
s

r
(3)

The term T0(dS0 / dr) may be signi� cant if the � ow Mach number
relative to the blade is supersonic and shock losses occur. In the
presentanalysistheentropygradientsare neglected.Moreover,apart
from regions near the walls of the annulus, the stagnation enthalpy
and temperature are usually uniform across the annulus at the entry
to an enginestage.However,after interactingwith the � rst bladerow,
the enthalpy h0 typically will depend on the radius r . In the present
paper,for simplicitywe assumethe enthalpyh0 to be constant.Thus,
Eq. (3) reduces to

Ux
dUx

dr
+ Us

dUs

dr
+

U 2
s

r
= 0 (4)

In turbomachinerydesign one may consider a special case when
the axial velocity Ux remains constant across the annulus. Then,
integrating Eq. (4) gives

Usr = const (5)

hence a free-vortex� ow condition is obtained. In practice, there are
certain disadvantages associated with a free-vortex blading,7 one
of them being a signi� cant variation of the blade degree of reaction
with radiusgiven in terms of the enthalpyrise in the rotor (a measure
of rotor contribution to the overall static pressure rise in the stage).

Other possible sets of mean-� ow design conditions may involve
variation of one of the velocity components, say Us , and then de-
termining the variation of Ux from Eq. (4). A general form studied
in design applications7 determines the swirl distribution at the inlet
and outlet of the rotor stage in terms of the following law:

Us = X r n § C / r (6)

where X , C , and n are constants.

In the presentanalysis a special case of n =1 is used to model the
swirlingcomponentof themean-� ow velocity.This approach,based
on the mean swirl representation with only two parameters C and
X (describing a free-vortex and a rigid-body mean-� ow rotations,
respectively), is especially useful to develop physical insight into
the problem. Thus, the total variation of the circumferential mean
velocity component with radius will be considered in the form

Us (r) = X r + C / r (7)

From the mean swirl pro� le (7) and relation (4), the following
expression for the axial velocity component Ux is readily deduced:

U 2
x (r ) ¡ U 2

0 = ¡ 2[X 2(r 2 ¡ 1) + 2 X C (r)] (8)

where U0 is the axial velocity estimated at the mean radius of the
duct. It will be shown in the numerical examples given later in this
paper that this variation of the axial velocity component associated
with the mean vortical swirl can be signi� cant, and in some cases
even higher than the corresponding variation of the swirling com-
ponent.

For convenience,we specify the mean-� ow parameters in terms
of the Mach numbers of the axial and swirl mean velocity compo-
nents Mx =Ux / c̄0 (M̄x =U0 / c̄0), M C = C / r c̄0 (M̄ C = C / rm c̄0), and
M X = X r / c̄0 (M̄ X = X rm / c̄0), where c̄0 is the stagnation speed of
sound.

Governing Equations for Unsteady Flow
The present linearized analysis of small-amplitude unsteady

disturbances imposed on a swirling mean � ow accounts for the
distortion of the disturbances by the nonuniform mean � ow but
neglects the nonlinear inertial and viscous effects. With these as-
sumptions the equations governing the perturbation velocity u and
pressure p 0 are the linearized Euler equations

D0u
Dt

+ (u ¢ r )U = ¡ r
³

p 0

q 0

´
(9)

D0

Dt

±
p 0

c0
2 q 0

!
+

1
q 0

r ¢ q 0u = 0 (10)

where D0 /Dt = @/ @t + U ¢ r is the convectivederivativeand q 0 and
c0 are the mean-� ow density and speed of sound, respectively.Both
depend only on the radius r .

As mentioned earlier, the mean swirl couples the various dis-
turbances, and therefore it is not possible, in general, to split the
disturbances into separate entropic, potential, and vortical parts.
However, it is always useful to examine the coupling between
pressure-dominated and vorticity-dominated modes. To this end,
we write

u = u( R) + r u (11)

which reduces the equations of motion (9) and (10) to the following
system of coupled equations:

cu( R) = ¡ f 0 £ r u (12)

w u = (1/ q 0) r ¢
£
q 0u(R)

¤
(13)

where f 0 is the mean-� ow vorticityand c and w are, respectively,
the operators of convection and wave propagation

cu(R) ´
D0u(R)

Dt
+

£
u( R) ¢ r

¤
U (14)

w u ´
D0

Dt

1

c2
0

D0

Dt
u ¡

1
q 0

r ¢ ( q 0 r ) u (15)

The unsteady pressure � eld is now obtained solely in terms of the
potential function

p 0 = ¡ q 0
D0 u

Dt
(16)
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Equations (12) and (13) describe the behavior of coupled pressure
and vorticity modes of unsteadymotions imposed on any isentropic
nonuniform vortical mean � ow. For con� ned � ows an additional
coupling is produced at the walls.

Equation (13) indicates that, because of the nonuniformityof the
mean � ow, an inlet vortical perturbation will induce an unsteady
hydrodynamic pressure � eld. Moreover, in contrast to a classical
vortical gust that preserves its initial form as it convects uniformly,
a swirling mean � ow can induce centrifugaland Coriolis forces that
create a force imbalance and de� ect the motion of � uid particles.
For a potential mean swirl there are only centrifugal forces, and, as
will be shown, the vortical disturbance will grow algebraically as
it travels downstream. For a vortical mean swirl ( X 6=0) Eq. (12)
showsadditionallocalCoriolisforcesthatcaneitherrestorethe force
balance creating wave oscillations or lead to exponential growth.
This interaction thus introduces a length scale to characterizeeither
the oscillations, or the rate of growth of the instability.

Purelyconvecteddisturbancescouldonly exist if therewere a per-
fectbalancebetweencentrifugaland Coriolis forces.In practice, this
balance is not realized, and therefore a critical layer appears in the
eigenvalue spectrum correspondingto the purely convected modes.

To estimate the relative effect of the mean swirl on the behavior
of vortical and acoustic perturbations of the � ow, we consider the
Rossby number ¯x r / Us , where ¯x is the frequency of the unsteady
disturbance in a frame of reference moving with the local mean-
� ow velocity. For potential (acoustic-like) disturbances the Rossby
number is typically large and of the order of the number of the
cascade blades.2 Thus, one would expect that the effect of swirl
will be mostly limited to the Doppler shift of the cut-on frequencies
for propagating pressure-dominatedmodes and to the refraction of
these modes by the nonuniform � ow. The accurate analysis and
determination of these modes is, however, essential for the correct
formulation of out� ow radiation conditions.8

On the other hand, nearly convected vortical disturbances will
evolvewith a timescaleof the orderof r / Us , i.e., the Rossbynumber
for them is of order unity. Therefore, the centrifugal and Coriolis
forces will have a strong effect on these modes as shown from the
asymptotic normal mode analysis in Ref. 4. This analysis further
indicates that for a potential free vortex swirl there is a continuum
spectrum of convected eigenvalues,whereas for a vortical swirl two
branchesof discretenearlyconvectedneutraleigenvaluescanappear
on either sides of the critical layer and accumulate at its boundaries.

Gust in a Swirling Flow
We now focus our attention on the representationof the upstream

disturbances.The normal mode analysis in Refs. 3 and 4 shows that
the corresponding boundary-value problem is not self-adjoint. As
a result, the eigenmodes are not orthogonal and may not form a
complete set. Moreover, in a vortical swirling � ow the eigenvalues
accumulatewith increasingdensitynear the edgesof a critical layer.
Therefore, it is not practical to use the corresponding nearly con-
vected eigenmodes to represent the upstream disturbances. In the
special case of a mean � ow with pure solid-body rotation, Howe
and Liu9 obtained an analytical expression for the nearly convected
modes to representan incidentaxisymmetricvorticitywave. For the
more generalcase Montgomeryand Verdon10 assumed, for simplic-
ity, a purely convectedvortical disturbance.Such approachesdo not
represent all possible upstream disturbances, and in particular they
neglect spatially developing solutions.Moreover, the normal mode
analysis cannot represent those spatially developing solutions that
may be convectivelyunstable for certain mean-� ow con� gurations.

We therefore propose to describe the upstream disturbances us-
ing the eigenmode representation for the nearly sonic, pressure-
dominatedmodesandan initial-valueanalysisto representthenearly
convected, vorticity-dominatedmodes. We further assume that the
unsteady pressure and velocity data are given at a cross section
de� ned by x =0.

We begin by splitting the � ow quantities as

u = u (s) + u (c) , p 0 = p 0
(s) + p 0

(c) , u(R) = u( R)
(s) + u(R)

(c) (17)

where the subscript (s) denotes the nearly sonic modes and (c) de-
notes the nearly convected modes (purely convected in a potential

mean � ow). The unsteady pressure associated with the pressure-
dominated (s) modes is then expanded as

p 0
(s )(x , r, h , t ) =

Z

x

X

m

X

n

bmn P(s)mn (r)

£ exp[i (kmm x + m h ¡ x t )] dx (18)

where P(s)mn represent the pressure-dominatedeigenmodesand kmn

the correspondingeigenvalues.Similar expressionscan also be writ-
ten for u (s) and u( R)

(s) , with u (s)mn , X(s )mn , R(s)mn , and T(s)mn instead
of P(s)mn for the potential functionand the axial, radial, and circum-
ferential vortical velocities, respectively. Note that u (s)mn , X(s)mn ,
R(s)mn , and T(s)mn can be expressed in terms of P(s)mn (Ref. 4). We
also require that this nearly sonic velocity � eld satisfy the imper-
meability condition along the walls, i.e., R(s)mn + d u (s)mn / dr =0 at
r =rh and rt , where rh and rt represent the radii at the hub and tip,
respectively.

For the vorticity-dominated (c) modes we start the initial-value
analysis by assuming the following expansion for the vortical ve-
locity:

u(R)
(c) (x , r, h , t) =

Z

x

X

m

Am (x , r) exp[i ( a r x + m h ¡ x t )] dx (19)

where Am(x , r) is to be determinednumerically in terms of the inlet
disturbance and a r is given by the condition

D0

Dt
( a r x + m h ¡ x t ) = 0 (20)

This de� nes

a r = ( x ¡ mUs / r) / Ux (21)

In what follows, we consider only a single ( x , m) Fourier com-
ponent of the disturbance pressure and velocity

p 0 (m)(x , r, h , t ) = p 0 (x , r )ei(m h ¡ x t)

u(m )(x , r, h , t) = u(x , r)ei (m h ¡ x t) (22)

and similarly for separate vortical and potential velocity compo-
nents.

The vorticalvelocityu( R)
(c) and the associatedpotential u (c) [see Eq.

(13)] de� ne the generalized gust velocity. An initial-value analysis
of Eqs. (12) and (13) will, in general, require upstream and down-
stream conditions for u (c) and an upstream condition for u(R)

(c) . We
now recall that the results of the eigenmode analysis4 have shown
that the unsteady pressure associated with the (c) modes is rather
small. We therefore identify all of the upstream pressure with the
pressure-dominated(s) modes P(s)mn , i.e.,

p 0 (0, r) » p 0
(s) (0, r ) =

X

n

bmn P(s)mn(r) (23)

Hence, unless speci� c informationis providedabout the nearly con-
vected pressure � eld, we assume the following initial condition at
x =0 for u (m )

(c) :

D0

Dt
u (m)

(c) = 0 (24)

and a homogeneous downstream condition for u (m )
(c) , which will be

discussed later.
The imposed upstream perturbationvelocity at x =0 can now be

expressed as

u(0, r ) = u(s)(0, r) + u(c) (0, r) (25)

where u(s)(0, r) corresponds to p 0
(s) (0, r) and whose expression is

determined from Eq. (23). The nearly convected velocity is

u(c)(x , r) = Am (x , r )ei a r x + e ¡ im h r
£
u (c)(x , r)eim h

¤
(26)
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where Am and u (c) are solution to Eqs. (12) and (13). For a given
Am (0, r) and homogeneousboundary conditionsfor u (c) , the poten-
tial function u (c) can be fully determined in terms of Am(x , r).

It is convenient to expand Am(0, r) in terms of known basis func-
tions satisfyingimpermeabilityat the wall and reproducingthe clas-
sical limit for a vortical gust in a uniform � ow. This will facilitate
comparison with the linear cascade results. To this end, we assume
the following expansion for the radial, circumferential, and axial
components of Am(0, r):

Arm (0, r) =
X

n

Armn K1( l nr)

A h m(0, r) =

³
A h m0 +

X

n

A h mn K2( l nr)

´
r

Axm(0, r) = Axm0 +
X

n

[Axmn K2( l nr) + Bxmn K3( l nr)] (27)

where Armn , A h mn , Axmn , Bxmn are constants and l n are determined
from the wall condition K1( l nrh ) =K1( l nrt ) =0, for n =1, 2, . . . .
The functions K1( l nr), K2( l nr), and K3( l nr) form an orthogonal
set and are de� ned in terms of Hankel functions:

K1( l nr) = i D1

p
r
£
H (1)

1 ( l nr ) + j H (2)
1 ( l nr )

¤

K2( l nr) = i D0

p
r
£
H (1)

0 ( l nr ) + j H (2)
0 ( l nr )

¤

K3( l nr) = D0

p
r
£
H (1)

0 ( l nr) ¡ j H (2)
0 ( l nr )

¤

with constants

D1 = ¡ p
p

rh H (2)
1 ( l nrh ) /4, D0 = ¡ p

p
rh H (2)

0 ( l nrh ) / 4

j = ¡ H (1)
1 ( l nrh ) / H (2)

1 ( l nrh )

In the two-dimensional limit of b / rh ¿ 1 (b =rt ¡ rh ), these
functions reduce to the conventional form of a gust in the linear
cascade model

K1( l nr), K3( l nr ) » sin( p n / b)(r ¡ rh )

K2( l nr ) » cos( p n / b)(r ¡ rh )

Finally, when comparing the present results with those of a gust in
a uniform � ow, we impose the condition at x =0:

(i x / U0)Axmn + l n Armn + im A h mn = 0 (28)

which corresponds to the divergence-free condition that must be
satis� ed by a vortical disturbance in a uniform � ow.

Potential Swirl
When the mean swirl is potential (X =0), the mean velocity is

represented by

U(x) = Ux êx + ( C / r )ê h (29)

where Ux =U0 =const for a uniform stagnation enthalpy across
the annulus. The forcing Coriolis term in Eq. (12) drops out and
u(R)

(s ) =0. The vortical velocity u(R)
(c) is uncoupled from the pressure

and satis� es the homogeneous equation

cu
(R)
(c) = 0 (30)

Substituting Eq. (19) into Eq. (30) and integrating for t > 0 and
x > 0 gives the amplitude vector Am (x , r) in the form

Am (x , r ) = a(r ) + xb(r ) (31)

where the vectors a(r) and b(r) are expressed in terms of the initial
gust conditions:

a(r ) = [Axm (0, r ), Arm (0, r), A h m(0, r )]

b(r) =
£
0,

¡
2 C ê U0r

2
¢
A h m(0, r ), 0

¤
(32)

This solutionshows that, as a resultof unbalancedcentrifugalforces,
the radial component of the vortical velocity will grow linearly as
the vortical waves are convected downstream.

The potential u (c) associated with u(R)
(c) is obtained numerically

as a particular solution to the nonhomogeneouswave equation (13)
and determines the hydrodynamicpressureassociatedwith the gust.
Introducing the transformation

u (c)(x , r, h , t ) = w (c)(x , r) exp[i ( a r x + m h ¡ x t )] (33)

and taking into account the vortical solution [Eqs. (31) and (32)],
the boundary-valueproblemfor Eq. (13) is reduced to two variables
(x , r), with the wall impermeability condition

@u (c)

@r
+ u(R)

r (c) = 0 (34)

Furthermore,consideringthe far downstreamexpansionof Eq. (13),
it can be easily shown that for nonaxisymmetric disturbances

w (c)(x ! 1 , r) = (ir / m)A h m (0, r ) + (1/ x) m 6= 0 (35)

Thus the radial component of the potential velocity associatedwith
the gust has the asymptotic behavior

@u (c)

@r
(x ! 1 , r, h , t) = ¡

2 C x

U0r 2
A h m (0, r)

£ exp[i ( a r x + m h ¡ x t )] + (1), m 6=0 (36)

This completelycancels the lineargrowth of the vortical radial com-
ponent of the velocity.Thus, the total generalizedgust velocity will
remain � nite, whereas its vorticity will grow linearly (because of
the stretching) as the gust propagates downstream.

The unsteady pressure associated with the incident gust is given
by

p 0
(c) (x , r, h , t) = ¡ q 0U0

@w (c)

@x
exp[i ( a r x + m h ¡ x t)] (37)

The asymptotic solution (35) indicates a slow (algebraic) decay of
the gust nonaxisymmetric pressure perturbations far downstream,
as a result of phase cancellations.This conclusionis also consistent
with analyses by Tan and Greitzer11 and Wundrow.12

For axisymmetricdisturbancesm =0 ( a r = x / U0), Eq. (31) sug-
gests the following expansion form for w (c) (x, r ) as x ! 1 :

w (c)(x , r) = r 1(r ) + x r 2(r) (38)

where the radial functions r 1(r) and r 2(r) satisfy nonhomogeneous
ordinary differential equations of the Bessel type. It follows imme-
diately fromEq. (37) that thehydrodynamicpressuredoes notdecay
but rather remains � nite far downstream in the duct.

The numerical solution for w (c)(x , r) is, in general, obtained us-
ing a second-order accurate � nite difference scheme. To illustrate
the results, we examine the downstream evolution of the gust with
imposed (at x =0) perturbationA h mn =1, Axmn =0, and Armn deter-
mined from Eq. (28) in an annular duct 0.8 ·r ·1.2. A free-vortex
mean swirling � ow with M̄ C =0.3 is superimposedona uniformax-
ial mean � ow with M̄ x =0.3 (Fig. 2). The unsteadygust with modal
numbersm =2 and n =1 is excitedwith frequency ¯x = x rm / c̄0 =8.
Figure 3 shows the evolution of the axial and circumferential dis-
turbance velocity components (which determine the blade upwash
for the gust responseproblem) and the inducedhydrodynamicpres-
sure along the mean-� ow streamline h =x C / U0r 2 at r =0.9. Ac-
cording to relations (33) and (35), the gust velocity components
asymptotically tend as x ! 1 to u x(c) ! ¡ a rr A h m (0, r) / m ¼ 7.5
and u h (c) ! 0. The magnitude of the induced convected pressure
remains relatively small and tends to zero. The transition occurs
slowly, over a large axial distance.

In practical applications related to the blade-response problem,
one would be interested in the gust evolution over a distance of the
order of interstage axial spacing. Figure 4 illustrates the change of
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Fig. 2 Radial variation of Ms(r) (——) and Mx(r) (– – – ) for ÅMx = 0:3,
and ÅM C = 0:3.

Fig. 3 Evolution of the a) gust axial and b) circumferential velocity
components and c) pressure for ÅMx = 0:3, ÅM C = 0:3, Å! = 8, Aµmn = 1,
m = 2, n = 1, and r = 0:9: ——, magnitude and real values; – – – , mag-
nitude of vortical velocity component; and – ¢ – , magnitude of potential
velocity component.

the radial pro� le of the imposed gust velocity as a result of the gust
evolution from x =0 to 1. The axial component, which is initially
small, becomes signi� cant as its potential part grows, while the
circumferential component remains practically unchanged.

Vortical Swirl
For a vortical swirl we consider the followingmean velocity � eld

U(x) = Ux (r )êx + ( X r + C / r )ê h (39)

where Ux (r) is determined by Eq. (8) and the mean vorticity f 0 has
both axial and circumferential components

f 0 = 2 X êx ¡
dUx

dr
ê h (40)

where dUx /dr = ¡ 2 X ( X r + C / r) / Ux . Substituting Eq. (39) into
Eq. (12), we obtain

D0u (R)
x(c)

Dt
+ u (R)

r (c)

dUx

dr
= ¡

dUx

dr

@u (c)

@r
(41)

D0u( R)
r (c)

Dt
¡ 2

³
X +

C

r 2

´
u (R)

h (c) =
2 X

r
@u (c)

@h
+

dUx

dr
@u (c)

@x
(42)

D0u( R)
h (c)

Dt
+ 2X u (R)

r (c) = ¡ 2 X
@u (c)

@r
(43)

Fig.4 Evolutionof the a) gustaxialandb)circumferential velocity pro-
� les from x = 0 (– – –) to 1 (——) for ÅMx = 0:3, ÅM C = 0:3, Å! = 8, Aµmn = 1,
m = 2, and n = 1.

Comparing Eqs. (41) and (43), one can see that the axial and cir-
cumferential vortical velocities are related by

u( R)
x(c) = u(R)

x(c)0 +
dUx /dr

2 X
u (R)

h (c) (44)

where u (R)
x (c)0 is a purelyconvectedquantity.Thus, to solve the initial-

value problem, it is enough to consider a coupled system of Eqs.
(13), (42), and (43).

If we formally neglect the variation of the axial mean velocity
component, hence discarding condition (4) of uniform stagnation
enthalpy, then the axial component u (R)

x (c) becomes completely un-
coupled and is then convected independentlyof the other gust com-
ponents. For simplicity, such an assumption has been adopted in
previous approaches to the problem (e.g., Ref. 2). However, it is
important to calculate accuratelyu (R)

x(c) because it contributes signif-
icantly to the unsteady upwash along the downstream blading.

It is convenient to decompose the solutionsof Eqs. (13) and (41–

43) intoa homogeneoussolution{u( R) , u }(c)h , accountingfor the up-
stream disturbance condition, and a particular solution {u(R) , u }(c) p

with homogeneous upstream conditions. For t > 0 and x ¸ 0,
u(R)

(c)h can be determined for every m component Ahm(x , r) in terms
of the initial gust conditions (27) at x =0:

Arhm (x , r) = Arm (0, r ) cos( k / Ux )x

+ A h m (0, r)( k / 2X ) sin( k / Ux )x

A h hm(x , r) = A h m(0, r) cos( k / Ux )x

¡ Arm (0, r)(2 X / k ) sin( k / Ux )x

Axhm (x , r ) = Axm (0, r) + (Us / Ux )[A h m (0, r ) ¡ A h hm (x, r )]

(45)

where

k (r) = 2
p

X ( X + C / r 2) (46)

Solutions (45) reduce to Eqs. (31) and (32) in the limit of X ! 0.
This result clearly shows that the Coriolis forces create an inter-

active oscillatory exchange mechanism between the various com-
ponents of the vortical velocity, and thus introduce an additional
characteristic wave number for the nearly convected disturbances
k / Ux . This wave number may vary signi� cantly for modes propa-
gating at different radii of the duct.

The parameter k in Eq. (46) becomes purely imaginary if
X ( X + C / r 2) < 0, which is similar to Rayleigh criterion for cen-
trifugal instability in the � ow. In this case the homogeneous so-
lutions (45) amplify or decay exponentially, and so does the total
generalized gust solution.
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The potential gust response u (c)h is obtained as a particular solu-
tion to the convective wave equation

w u (c)h = (1/ q 0) r ¢
£
q 0u

(R)
(c)h

¤
(47)

As for the case of a potential swirl, a solution is sought in the form

u (c)h = w (c)h (x , r) exp[i ( a r x + m h ¡ x t)] (48)

which reduces Eq. (47) to an elliptic equation for the nearly con-
vected potential perturbations. This boundary-value problem is
solved with the wall impermeability condition, which provides
an additional coupling between the vortical and potential compo-
nents @u (c)h / @r + u (R)

r (c)h =0 at r =rh and r =rt . Upstream at x =0,
we assume [consistentwith Eq. (24)] a pressure-lessgust condition,
p 0

(c)h(0, r) =0. Equations(45) suggest that w (c)h (x , r) actsas a wave
envelope whose behavior is dominated by the Coriolis oscillations
with wave number k / Ux . Numerical experiments also con� rmed
this dominant behavior.We thereforepropose the followingout� ow
boundary condition:

@2 w (c)h

@x2
+

k 2

U 2
x

w (c)h = 0 (49)

Finally,we need to determinetheparticularpartof thegeneralized
gust solution {u(R) , u }(c) p , which results from the mutual potential-
vortical coupling in Eqs. (12) and (13). By construction, this par-
ticular solution is produced by u (c)h and governed by the coupled
system of equations

cu
(R)
(c) p = ¡ f 0 £ r

£
u (c)h + u (c) p

¤
(50)

w u (c) p = (1/ q 0) r ¢
£
q 0u(R)

(c) p

¤
(51)

It is therefore possible to assume

u (c) p = w (c) p(x , r) exp[i ( a r x + m h ¡ x t )] (52)

Equations (50) and (51) are solved numerically for the amplitude
vector Apm(x , r) ={Axpm , Arpm , A h pm } of the vortical velocity and
the coupled potential amplitude w (c) p(x , r). The numerical proce-
dure solves Eqs. (50) and (51) iteratively by taking for the � rst
iteration Apm (0, r) =0 and the pressurelesscondition @w (c) p(0, r) /
@x =0.The impermeabilitycondition@u (c) p / @r = ¡ Ar pm is applied
at the duct walls and the condition (49) for w (c) p at the out� ow
boundary.

The downstream evolution of unsteady vortical disturbances im-
posed on a vortical swirling mean � ow is now illustrated for two
cases of stable [real k (r)] and unstable [imaginary k (r)] � ows. In
the � rst case the radial variation of the mean � ow is determined by
specifying the following mean-radius Mach numbers of the mean
velocity components M̄ x =0.3, M̄ C =0.1, and M̄ X =0.2. Such a
swirl produces a very signi� cant variation of the mean axial veloc-
ity component with radius (in Fig. 5). In the second case the mean
� ow is speci� ed by taking M̄ x =0.3, M̄ C =0.2, and M̄ X = ¡ 0.2.
The resultingmean � ow (in Fig. 6) leads to unstable� ow conditions
for r < 1 and to stable � ow conditions for r > 1.

As for the case of a potential swirl, a vortical perturbation with
A h mn =1, Axmn =0, and Armn from Eq. (28) is imposed at x =0
in a duct 0.8 ·r ·1.2, with ¯x =8, m =2, and n =1. The results
are shown for the gust velocity and pressure downstream evolution
along the mean-� ow streamline h = x( X + C / r 2) / Ux at the radius
r =0.9. For the stable � ow (Fig. 7) the results clearly indicate a
superpositionof two characteristicwave numbers x / Ux and k / Ux ,
with the latter acting as an envelope for the high-frequency oscil-
lations of the former. This particular solution reduces the effects
of the modulation by the envelope as the disturbances propagate
downstream.This results from accountingfor all of the eigenmodes
behavior including the critical layer. To illustrate this effect, Fig. 8
compares the present results (solid line) for j u h (c) j with those us-
ing the eigenmode approaches of Ref. 10 (dashed-dotted line) and
Ref. 9 (dashed line). The latter is obtained from superposition of
two eigenmodes corresponding to the extreme points of the nearly
convected spectrum.The modi� cation of the gust axial and circum-
ferential velocity components over the distance D x =1 is shown in

Fig. 5 Radial variation of Ms(r) (——) and Mx(r) (– – – ) for ÅMx = 0:3,
ÅM X = 0:2, and ÅM C = 0:1.

Fig. 6 Radial variation of Ms(r) (——) and Mx(r) (– – – ) for ÅMx = 0:3,
ÅM X = ¡¡ 0:2, and ÅM C = 0:2.

Figs. 9a and 9b, respectively.These results show a signi� cant redis-
tribution in the radial direction and imply strong three-dimensional
effects of the mean swirl on the incident disturbances. This also
underlines the importance of the initial-valueapproach for accurate
predictions of the blade response.

In Fig. 10 we show the same unsteady perturbation propagating
in the unstable region of the � ow (at r =0.9). The results reveal
an ampli� cation of all of the gust components. Far downstream the
disturbance growth will violate the conditions of linearization,and
hence nonlinear effects will become important. However, in most
practical cases the growth of the instability scales with the radius
of the annulus, which is typically of the order of the interstage gap
between the fan rotor and stator, and thus justi� es the present linear
approach. For instance, in Fig. 11 the gust velocity pro� le at x =1
remains of the same order of magnitude as the initial disturbance,
although it has clearly undergone a notable modi� cation, particu-
larly at the unstable hub region.

In Figs. 12 and 13 we examine the ratio of the magnitudes of the
perturbationvelocity circumferentialcomponentof the gust u h (c) at
x =1 and 0, for the two cases of the mean swirl (stable, unstable)
over a rangeof modal numbersm and n. For the stablecase (Fig. 12)
the effects are most signi� cant for the � rst radial harmonic and for
higher positive m. The increase in the amplitude ratio is more pro-
nounced near the tip where the swirl component is dominant in the
mean velocity pro� le. In contrast with the case of a stable � ow, the
unstable case results (Fig. 13) clearly show signi� cant ampli� ca-
tion for all values of the modal numbers at r =0.9. For higher radial
modes the growth rate remains practically at the same level for a
broad range of m. On the other hand, at r =1.1 (stable region) the
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Fig. 7 Evolution of the a) gust axial and b) circumferential velocity
components and c) pressure for ÅMx = 0:3, ÅM X = 0:2, ÅM C = 0:1, Å! = 8,
Aµmn = 1, m = 2, n = 1, and r = 0:9: ——, magnitude and real values;
– – – , magnitude of vortical velocity component; and – ¢ –, magnitude of
potential velocity component.

Fig. 8 Evolutionof the gust circumferential velocity component j j uµ(c) j j
for ÅMx = 0:3, ÅM X = 0:2, ÅM C = 0:1, Å! = 8, Aµmn = 1, m = 2, n = 1, and r =
0.9: ——, initial-value analysis; – – – , superposition of two nearly con-
vected eigenmodes; and – ¢ – , convected eigenmode.

Fig. 9 Evolution of the a) gust axial and b) circumferential velocity
pro� les from x = 0 (– – – ) to x = 1 (——) for ÅMx = 0:3, ÅM X = 0:2, ÅM C = 0:1,
Å! = 8, Aµmn = 1, m = 2, and n = 1.

Fig. 10 Evolution of the a) gust axial and b) circumferential velocity
components and c) pressure for ÅMx = 0:3, ÅM X = ¡¡ 0:2, ÅM C = 0:2, Å! = 8,
Aµmn = 1, m = 2, n = 1, and r = 0:9: ——, magnitude and real values;
– – – , magnitude of vortical velocity component; and – ¢ –, magnitude of
potential velocity component.

Fig. 11 Evolution of the a) gust axial and b) circumferential veloc-
ity pro� les from x = 0 (– – – ) to x = 1 (——) for ÅMx = 0:3, ÅM X = ¡ ¡ 0:2,
ÅM C = 0:2, Å! = 8, Aµmn = 1, m = 2, and n = 1.

Fig. 12 Ratio of the circumferential gust velocity magnitudes at x = 1
and 0 for a) r = 0:9 and b) r = 1:1: ±, n = 1; + , n = 3; £ £ , n = 5. ÅMx = 0:3,
ÅM X = 0:2, ÅM C = 0:1, Å! = 8, and Aµmn = 1.
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Fig. 13 Ratio of the circumferential gust velocity magnitudes at x = 1
and 0 for a) r = 0:9 and b) r = 1:1: ±, n = 1; + , n = 3; £ £ , n = 5. ÅMx = 0:3,
ÅM X = ¡¡ 0:2, ÅM C = 0:2, Å! = 8, and Aµmn = 1.

most signi� cant change in the magnitude ratio occurs for the � rst
radial mode and for the highly nonaxisymmetric� ow perturbations.
The higher radial modes show a decay of j u h (c) j for most of the
considered range of m. The results in both regions indicate a prac-
tically symmetric behavior of amplitudes for the nearly convected
modes spinning in the direction and opposite to the direction of the
mean swirl. This effect, however, can depend on the choice of the
parameters.

The analysis presented in Part 1 enables us to calculate the blade
unsteady upwash and thus paves the way for the treatment of the
blade aerodynamic response problem presented in Part 2 (Ref. 13).

Conclusions
An analysis of the interaction of unsteady swirling � ows with

annular cascades is presented in two parts. In Part 1 we focused
on the description and evolution of incident disturbances in a mean
swirling � ow. An eigenmode analysis has shown that the centrifu-
gal and Coriolis forces couple the acoustic and vortical modes and
lead to the formation of a critical layer in the convected spectrum.
Moreover, for moderate subsonic Mach numbers the eigenmodes
can be segregated into pressure-dominatedand vorticity-dominated
modes. To describe completely the incident disturbancesand avoid
the dif� cultiesassociatedwith the critical layer,we representthe in-
cident disturbancesin terms of the pressure-dominatedeigenmodes
and a spatially developing initial-value solution.

For the special case of a potential mean swirl, the vortical modes
are uncoupled from the acoustic modes, and their vorticity grows
linearly as they propagate downstream. For a general vortical mean
swirl the vorticity-dominatedspatially developingdisturbancescan
oscillateor amplifydependingon the radial distributionof the mean
swirl. The analysis clearly indicatesa signi� cant effect of the mean-
� ow swirl on the evolution of the incident disturbances.
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